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EXAMPLES OF DEFORMED G2-INSTANTONS/DONALDSON–THOMAS
CONNECTIONS
JASON D. LOTAY AND GONC¸ALO OLIVEIRA
Abstract. In this note, we provide the first non-trivial examples of deformed G2-instantons,
originally called deformed Donaldson–Thomas connections. As a consequence, we see how
deformed G2-instantons can be used to distinguish between nearly parallel G2-structures and
isometric G2-structures on 3-Sasakian 7-manifolds. Our examples give non-trivial deformed
G2-instantons with obstructed deformation theory and situations where the moduli space
of deformed G2-instantons has components of different dimensions. We finally study the
relation between our examples and a Chern–Simons type functional which has deformed
G2-instantons as critical points.
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1. Introduction
Gauge theory and calibrated geometry are central topics of study in the context of G2
geometry, and they are intimately related. Based on ideas stemming from Mirror Symmetry,
particularly SYZ fibrations, and the real Fourier–Mukai transform, the authors of [LL09]
introduced the following gauge-theoretic equation (in the context of complex line bundles over
G2-manifolds) as a proposed mirror to certain calibrated cycles in G2-manifolds.
Definition 1.1. Let (X7, ϕ) be a 7-manifold with a coclosed G2 structure ϕ, let ψ = ∗ϕϕ be
the dual of ϕ, and let L be a Hermitian complex line bundle on X. A unitary connection A
on L is a deformed G2-instanton if its curvature FA satisfies
(1.1)
1
6
F 3A + FA ∧ ψ = 0.
The definition can obviously be extended to higher rank vector bundles and principal bundles
but, based on [LL09], one is primarily interested in the case of complex line bundles. When
(X,ϕ) is additionally a G2-manifold, deformed G2-instantons are, in a certain sense, “mirror”
to (co)associative cycles.
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Remark 1.2. In [LL09], deformed G2-instantons are called deformed Donaldson–Thomas
connections. However, since A is a G2-instanton on (X
7, ϕ) if and only if
(1.2) FA ∧ ψ = 0,
the authors feel it is more appropriate that solutions of (1.1) are called deformed G2-instantons.
Moreover, there is a natural relationship between deformed G2-instantons and deformed
Hermitian-Yang–Mills connections, which is parallel to the relationship between G2-instantons
and Hermitian-Yang–Mills connections, that gives further rationale for the nomenclature.
1.1. Main results. The main results of this article are the first constructions of non-trivial
solutions to the deformed G2-instanton equation (1.1). Here, by non-trivial, we mean de-
formed G2-instantons that are not flat and do not arise via pullback from lower-dimensional
constructions.
As an application of our construction we have the following result (Corollary 4.5).
Theorem 1.3. Let X7 be a 3-Sasakian 7-manifold and let L0 be the trivial complex line bundle
on X. Let ϕts be the standard nearly parallel G2-structure on X inducing the 3-Sasakian
Einstein metric gts, and let ϕnp be the second (strictly) nearly parallel G2-structure on X
inducing the “squashed” Einstein metric gnp.
• There is a circle of non-trivial deformed G2-instantons on L0 for ϕts.
• There is a 2-sphere of non-trivial deformed G2-instantons on L0 for ϕnp.
Remark 1.4. There are infinitely many compact 3-Sasakian 7-manifolds X7 [BGM94,GWZ08].
Key examples are giving by the 7-sphere S7 and the Aloff–Wallach space SU(3)/U(1)1,1
(c.f. Example 3.8), which is the SO(3)-frame bundle of Λ2+CP2.
Remark 1.5. We recall that, if X7 is a compact 3-Sasakian 7-manifold, then the metric cone
on (X7, gts) is hyperka¨hler, and has holonomy Sp(2) if it is not flat, whilst the metric cone on
(X7, gnp) has holonomy Spin(7).
Remark 1.6. Theorem 1.3 shows how non-trivial deformed G2-instantons distinguish between
the nearly parallel G2-structures ϕ
np and ϕts. We shall also see that non-trivial deformed
G2-instantons can discriminate between two coclosed G2-structures inducing the same metric,
including the Einstein metrics gts and gnp (c.f. Corollary 4.7).
We can also apply our results to non-trivial complex line bundles when X7 is the 3-Sasakian
Aloff–Wallach space (Corollary 4.12).
Theorem 1.7. Let pi : X → CP2 be the SO(3)-frame bundle of Λ2+CP2 and let k ∈ Z.
• There is a circle of non-trivial deformed G2-instantons on pi∗O(k) for ϕts.
• There is a 2-sphere of non-trivial deformed G2-instantons on pi∗O(k) for ϕnp.
More generally, we give examples of deformed G2-instantons for families of coclosed G2-
structures ϕt,ε on a 3-Sasakian 7-manifold X depending on two parameters: t > 0 and ε ∈ {±1}.
Our ansatz depends on a1, a2, a3 ∈ R, where a1 = a2 = a3 = 0 yields the trivial flat connection
in the case of the trivial complex line bundle L0. Hence, if we let r =
√
a21 + a
2
2 + a
2
3, which
can be viewed as the distance to the trivial connection on L0, we can represent our main
result (Proposition 4.4) in Figure 1 below. The overall picture for the non-trivial line bundles
on the 3-Sasakian Aloff–Wallach space (Proposition 4.10) is the same.
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Figure 1. The space of deformed G2-instantons for ϕt,ε on L0.
Remark 1.8. In particular, we observe in Figure 1 how deformed G2-instantons die as t
varies from 0 to 1/
√
2 in both the cases ε = ±1, but when ε = −1 we have a circle that lives
for all t > 0. For context, we mention that ϕnp corresponds to (t, ε) = (1/
√
5,+1) and ϕts
corresponds to (t, ε) = (1,−1). We also note that ϕt,ε induce the same metric for a fixed
value of t; it is an interesting feature resulting from our work that the space of deformed
G2-instantons differs for these isometric G2-structures.
We may also relate our examples to the recently developed moduli space theory for deformed
G2-instantons in [KY20]. We refer the reader to Definition 4.14 for the formal definition for a
deformed G2-instanton to be obstructed in the sense of deformation theory.
Theorem 1.9. Let X7 be a 3-Sasakian 7-manifold and let L0 be the trivial complex line bundle
on X. The non-trivial deformed G2-instantons given by Theorem 1.3 are obstructed. Moreover,
the moduli spaces of deformed G2-instantons on L0 for the nearly parallel G2-structures ϕ
np
and ϕts both contain at least two components of different dimensions.
A Chern–Simons type functional was introduced in [KL09] whose critical points are deformed
G2-instantons. We study this functional in our setting and, in particular, deduce the following
(c.f. Lemma 4.19 and Corollary 5.7), which reflects the fact that non-trivial deformed G2-
instantons coalesce with the trivial connection at t = 1/
√
2.
Theorem 1.10. Let X7 be a 3-Sasakian 7-manifold, let L0 be the trivial complex line bundle,
and let A0 be the trivial flat connection on L0. Then A0 is unobstructed (and hence rigid and
locally isolated) as a deformed G2-instanton with respect to ϕ
np = ϕ1/
√
5,+1 and ϕ
ts = ϕ1,−1,
but obstructed as a deformed G2-instanton with respect to ϕ1/
√
2,ε for ε = ±1.
1.2. Summary. This article is organized as follows. Section 2 introduces some background
on 3-Sasakian geometry which will later be of use in constructing the examples of deformed
G2-instantons. In section 3 we give some simple examples of deformed G2-instantons which
arise from pulling back connections in 6 and 4 dimensions. The non-trivial examples which
constitute the main contribution of this article are constructed and presented in section
4. Finally, in section 5, this article concludes with a discussion of the Chern–Simons type
functional mentioned above; in particular, the functional is explicitly computed and analyzed
in some of the cases developed in this article.
Remark 1.11. We shall use summation convention over repeated indices throughout the
article.
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2. 3-Sasakian geometry
We shall now give a short introduction to some aspects of 3-Sasakian geometry and its
relation to G2 geometry. We refer the reader to the survey article [BG01] and references
therein for more information on 3-Sasakian geometry.
Definition 2.1. A Riemannian 7-manifold (X7, gts) is 3-Sasakian if it has three orthonormal
Killing vector fields {ξi}3i=1 which satisfy the relations [ξi, ξj ] = 2εijkξk, for εijk the sign of
the permutation taking (1, 2, 3) to (i, j, k).
2.1. SU(2) leaf space. For a 3-Sasakian manifold (X7, gts) as in Definition 2.1, the Killing
vector fields {ξi}3i=1 generate a locally free action of SU(2). The leaf space of this SU(2) action,
denoted Z4, can be endowed with a metric gZ so that the canonical projection
(2.1) pi : X → Z
is an orbifold Riemannian submersion. This metric is anti-self-dual and Einstein of positive
scalar curvature s > 0. For convenience, we will scale the metric gts so that s = 48: this fits
with the canonical example of S7 with its constant curvature 1 metric. In the particular case
when Z is spin, we shall regard (2.1) as the lift to SU(2) = Spin(3) of an SO(3)-(orbi)bundle
of frames of Λ2+Z, the bundle of self-dual 2-forms on Z.
The Levi-Civita connection of Z induces a connection η on the bundle (2.1) which, seen as
a 1-form on X with values in su(2), can be written as
(2.2) η = ηi ⊗ Ti,
where the Ti are a standard basis of su(2) satisfying [Ti, Tj ] = 2εijkTk, and the ηi are 1-forms
on X. The horizontal space of the connection is H = ker(η). Knowing that Z is anti-self-dual
Einstein means that the curvature of the connection η in (2.2) is given by
(2.3) Fη = dη +
1
2
[η ∧ η] = −2ωi ⊗ Ti,
with the 2-forms ω1, ω2, ω3 forming an orthogonal basis of (Λ
2
+H, g
ts|H) with |ωi| =
√
2. Notice
that we have the relations
(2.4) ωi ∧ ωj = 2δijpi∗volZ ,
where volZ is the Riemannian volume form on (Z, gZ).
2.2. Metrics and G2-structures. The 3-Sasakian metric g
ts can be written
(2.5) gts = ηi ⊗ ηi + pi∗gZ
and it is well-known to be Einstein. In fact, there is a second Einstein metric on X for which
pi is a Riemannian submersion. This can be obtained from gts by squashing the fibers of pi by
a factor which reduces the length of any ξi-orbit by
√
5. This yields the metric
(2.6) gnp =
1
5
ηi ⊗ ηi + pi∗gZ .
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The metrics gts in (2.5) and gnp in (2.6) are induced by natural distinguished G2-structures
ϕts and ϕnp on X7. (For details on G2-structures we refer the reader to [KLL20], for example.)
Using (2.2) and (2.3), it is convenient to consider two 1-parameter families, depending on
t ∈ R+ and ε ∈ {±1}, of G2-structures on X7 determined by the 3-forms
(2.7) ϕt,ε = εt
3η123 − t(η1 ∧ ω1 + η2 ∧ ω2 + εη3 ∧ ω3),
where we have used the notation η123 = η1 ∧ η2 ∧ η3 for brevity. Each ϕt,ε determines the
metric
(2.8) gt = t
2ηi ⊗ ηi + pi∗gZ ,
which is independent of ε, and the associated 4-forms ψt,ε = ∗gtϕt,ε are
(2.9) ψt,ε = pi
∗volZ − t2 (εη23 ∧ ω1 + εη31 ∧ ω2 + η12 ∧ ω3) ,
where we write ηij = ηi ∧ ηj for short. Note that if we set
(2.10) ϕts = ϕ1,−1 and ϕnp = ϕ1/√5,+1,
then (2.8) shows that ϕts induces gts in (2.5) and ϕnp induces gnp in (2.6).
Remark 2.2. Changing the sign of the parameter ε corresponds to the change η3 7→ −η3,
which gives a change of orientation on the vertical space in the projection (2.1). However,
since we have fixed the structure equations on SU(2), we are not free to change η3 → −η3,
and so ε represents a genuine parameter.
We now recall a notable class of G2-structures in this setting.
Definition 2.3. A G2-structure determined by a 3-form ϕ, with dual 4-form ψ, is nearly
parallel if dϕ = λψ for some λ ∈ R \ {0}. By possibly changing orientation, we can always
ensure that λ > 0.
Using the equation (2.3) for the curvature of η, we find the following structure equations:
dηi = −2ωi − 2ηj ∧ ηk,(2.11)
dωi = 2ωj ∧ ηk − 2ηj ∧ ωk,(2.12)
for (i, j, k) a cyclic permutation of (1, 2, 3). Equations (2.11)-(2.12) immediately show that
(2.13) dψt,ε = 0
for all t, ε. Using (2.11)–(2.12) we compute from (2.7) and (2.9) that the equation
(2.14) dϕt,ε = λψt,ε
only has solutions when
(2.15) (t, ε, λ) =
(
1√
5
,+1,
12√
5
)
and (t, ε, λ) = (1,−1, 4) .
By Definition 2.3, (t, ε) = (1/
√
5,+1) and (t, ε) = (1,−1) are the only values for which ϕt,ε is
nearly parallel [FKMS97]. We see from (2.5), (2.6) and (2.8) that g1/
√
5 = g
np and g1 = g
ts,
and (2.10), (2.14) and (2.15) show that ϕnp and ϕts are nearly parallel.
We conclude this section with a familiar concrete example.
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Example 2.4. The standard 7-sphere S7 with its round constant curvature 1 metric gS7 is
3-Sasakian, and its SU(2) leaf space is Z = S4, naturally endowed with its round constant
curvature 4 metric gZ . It is well-known that S
7 admits two homogeneous Einstein metrics:
gS7 (which is g
ts in (2.5)) and its “squashed” metric (which is gnp in (2.6)). Each of these
Einstein metrics is induced by a homogeneous nearly parallel G2-structure, given in (2.10) by
ϕts and ϕnp respectively.
3. Deformed Hermitian-Yang–Mills connections and ASD instantons
In this section we provide examples of deformed G2-instantons arising from lower-dimensional
geometries: specifically, deformed Hermitian-Yang–Mills connections on Calabi–Yau 3-folds
and anti-self-dual instantons on anti-self-dual Einstein 4-orbifolds and hypersymplectic 4-
manifolds.
3.1. Deformed Hermitian-Yang–Mills connections. We recall the following definition,
which originated in [LYZ00,MMMS00].
Definition 3.1. Let (Y, ω) be a Ka¨hler n-fold, where ω is the Ka¨hler form, and let L
be a Hermitian complex line bundle on Y . A unitary connection A on L is a deformed
Hermitian-Yang–Mills connection (with phase eiα) if
(3.1) F
(0,2)
A = 0 and Im(e
−iα(ω + FA)n) = 0.
When Y is a Calabi–Yau manifold, deformed Hermitian-Yang–Mills connections are, in a
sense, “mirror” to special Lagrangian n-folds.
We are interested in the case where (Y, ω,Ω) is a Calabi–Yau 3-fold, with holomorphic
volume form Ω, and A is a deformed Hermitian-Yang–Mills connection with phase 1. In this
case (3.1) can be rewritten as
(3.2) FA ∧ Im Ω = 0 and 1
6
F 3A + FA ∧
1
2
ω2 = 0.
The analogy between (1.1) and (3.2) should be clear. We then provide an observation which
extends Lemma 5.5 in [KY20].
Lemma 3.2. Let (Y, ω,Ω) be a Calabi–Yau 3-fold and let L be a Hermitian complex line
bundle on Y . Let pi : X7 → Y be an S1-bundle over Y with a connection 1-form η, which is
Hermitian-Yang–Mills, endowed with the standard G2-structure
(3.3) ϕ = η ∧ pi∗ω + pi∗Re Ω and ψ = 1
2
pi∗ω2 − η ∧ pi∗ Im Ω.
Note that as η is Hermitian-Yang–Mills we have dψ = 0.
Then A is a deformed Hermitian-Yang–Mills connection with phase 1 on L if and only if
pi∗A is a deformed G2-instanton on pi∗L.
Proof. The proof follows immediately from (1.1), (3.2) and (3.3), just as in the proof of Lemma
5.5 in [KY20]. 
Remark 3.3. Lemma 3.2 has a well-known analogue where deformed Hermitian-Yang–Mills
connections and deformed G2-instantons are replaced by Hermitian-Yang–Mills conections
and G2-instantons. When X
7 = S1 × Y with the product G2-structure, where η = dθ for θ
the coordinate on S1, the only G2-instantons on pi
∗L are (up to gauge transformations) given
by pi∗A for a Hermitian-Yang–Mills connection on Y [Wan18].
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There are now many examples of deformed Hermitian-Yang–Mills connections, in particular
provided by the recent relationship between existence of such connections and stability proved
in [Che20]. We may construct a simple example of a G2-manifold, i.e. X
7 with a torsion-free
G2-structure ϕ (satisfying dϕ = 0 and dψ = 0), with a non-trivial line bundle admitting a
deformed G2-instanton which is not a G2-instanton as follows.
Example 3.4. Suppose that (Y, ω,Ω) is a Calabi–Yau 3-fold such that [
√
3ω] is an integral
class in H2(Y ), and so defines a Hermitian complex line bundle L with a unitary connection
A such that FA = i
√
3ω. Then (3.2) is satisfied and so A is a deformed Hermitian-Yang–Mills
connection with phase 1.
If we let X = S1×Y with the product torsion-free G2-structure as in (3.3), where pi : X → Y
is the natural projection and η = dθ for θ the coordinate on S1, then pi∗A is a deformed
G2-instanton on pi
∗L by Lemma 3.2. Notice that pi∗F 3A 6= 0 and so pi∗A is not a G2-instanton
on X = S1 × Y .
Remark 3.5. One can perform a similar construction to Example 3.4 for so-called Calabi–Yau
links X7 in S9, which are nontrivial S1-bundles over Calabi–Yau 3-(orbi)folds Y arising as
hypersurfaces in CP4, to obtain deformed G2-instantons which are not G2-instantons on
X. The study of G2-instantons on Calabi–Yau links was initiated in [CARDSE20], using
Hermitian-Yang–Mills connections on Y .
3.2. ASD instantons on anti-self-dual Einstein 4-orbifolds. Let X7 be a 3-Sasakian
7-manifold as in Definition 2.1 and let (Z4, gZ) as in (2.1) be the SU(2) leaf space. Recall
that (Z4, gZ) is an anti-self-dual Einstein 4-orbifold, and recall the G2-structures on X whose
4-forms are given by ψt,ε in (2.9). In particular, recall the forms ωi in (2.3), which are pullbacks
of self-dual 2-forms on Z, used to construct ψt,ε.
We now have the following simple observation concerning anti-self-dual (ASD) instantons
on Z, i.e. connections A on Z whose curvature satisfies
(3.4) FA = − ∗ FA.
Since pi∗F 3A = 0 automatically for dimension reasons, for any connection A on Z, we see from
(1.1) that the notions of deformed G2-instanton and G2-instanton coincide for pi
∗A. We may
thus obtain trivial examples of deformed G2-instantons as follows.
Lemma 3.6. Let X7 be a 3-Sasakian 7-manifold and let Z be its SU(2) leaf space as in (2.1).
Let L be a Hermitian complex line bundle on Z, and let A be a unitary connection on L.
Then pi∗A is a (deformed) G2-instanton on pi∗L over X, with respect to some (and hence
all) ψt,ε in (2.9) if and only if A is an ASD instanton.
Proof. First, let A be an anti-self-dual (ASD) instanton on Z. Then, since FA is anti-self-dual
and the forms ωi appearing in (2.9) are self-dual on the horizontal space H for the projection
(2.1), we see that pi∗FA ∧ ψt,ε = 0, i.e. that pi∗A is a G2-instanton.
Conversely, if pi∗FA ∧ ψt,ε = 0 for some t and ε, then we must have
(3.5) pi∗FA ∧ ωi = 0 for all i.
Since the ωi span the self-dual 2-forms on H, (3.5) implies that (3.4) holds, i.e. A is an ASD
instanton. 
Remark 3.7. Lemma 3.6 has some overlap with Proposition 18 in [BO19].
We now give an example of using Lemma 3.12 which will be useful later.
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Example 3.8. Let X7 be the Aloff–Wallach space SU(3)/U(1)1,1 where
(3.6) U(1)1,1 =

 eiθ 0 00 eiθ 0
0 0 e−2iθ
 ∈ SU(3) : θ ∈ R
 .
Then X is a homogeneous 3-Sasakian 7-manifold whose SU(2) leaf space is Z = CP2. Let
L = O(k) on Z for k ∈ Z. The connection A on L with harmonic curvature will be unitary
and have the property that FA is a multiple of the Fubini–Study form, and so will be an ASD
instanton (since CP2 has the opposite orientation). Moreover, A will be non-trivial whenever
k 6= 0. Lemma 3.6 then gives a deformed G2-instanton (which is a non-trivial G2-instanton
for k 6= 0) on pi∗L with respect to both of the homogeneous nearly parallel G2-structures ϕts
and ϕnp in (2.10) on X.
Remark 3.9. Gauge theory on X = SU(3)/U(1)1,1, in particular G2-instantons with respect
to the two homogeneous nearly parallel G2-structures, is studied in some detail in [BO19].
3.3. ASD instantons on hypersymplectic 4-manifolds. We shall now give some sim-
ple examples arising from pull-backs of anti-self-dual connections on a hypersymplectic
4-dimensional manifold. As we shall see, this is directly analogous to the construction arising
from anti-self-dual Einstein 4-orbifolds considered in the previous subsection.
Definition 3.10. A hypersymplectic structure on an oriented 4-manifold Z4 is a triple of
closed 2-forms (ω1, ω2, ω3) on Z so that, for a volume form volZ on Z,
(3.7) ωi ∧ ωj = 2QijvolZ ,
where the matrix Qij is positive definite. We may choose volZ in (3.7) so that the matrix Qij
has determinant one. In this manner, the hypersymplectic structure determines a Riemannian
metric gZ on Z whose bundle of self-dual two forms is spanned by {ω1, ω2, ω3} and whose
Riemannian volume form is volZ .
Example 3.11. If (Z4, gZ) is a K3 surface with (ω1, ω2, ω3) a hyperka¨hler triple, then (3.7) is
satisfied with Qij = δij and gZ in Definition 3.10 is the associated Ricci-flat Ka¨hler metric. See
[Don06] for more about hypersympletic structures and their relation to kyperka¨hler geometry.
Consider a 3-torus bundle pi : X → Z over such a hypersymplectic 4-manifold Z with an
anti-self-dual connection η. We regard the connection η = (η1, η2, η3) ∈ Ω1(X,R3) as three
1-forms on the total space whose curvatures dηi are the pullback of anti-self-dual 2-forms on
(Z, gZ). Then, we consider G2-structures on X whose corresponding 4-forms are
(3.8) ψt = pi
∗volZ − t2 (η23 ∧ pi∗ω1 + η31 ∧ pi∗ω2 + η12 ∧ pi∗ω3) ,
for some constant t > 0. (For more details on the relation between G2-structures and
hypersympletic structures see [FY18].) We see that dψt = 0 as the dηi are assumed to be the
pull-back of anti-self-dual 2-forms and thus dηi ∧ ωj = 0 for all i, j. This is the only point for
which the condition that η is anti-self-dual is used.
We now construct some simple deformed G2-instantons with respect to ψt in (3.8). We
regard these as being trivial examples since, as in Lemma 3.6 above, they are G2-instantons
for which the cubic term in the curvature vanishes. The proof is almost identical to Lemma
3.6 so we omit it.
Lemma 3.12. Let Z be a hypersymplectic 4-manifold, let L be a Hermitian complex line
bundle on Z and let A be a unitary connection on L. Let pi : X → Z be a T 3-bundle over Z
with anti-self-dual connection η and let ψt be as in (3.8).
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Then pi∗A is a (deformed) G2-instanton on pi∗L with respect to some (and hence all) ψt if
and only if A is an ASD instanton.
Example 3.13. Let Z be a K3 surface and ω1, ω2, ω3 a hyperka¨hler triple, and let X = T
3×Z
so that η is the trivial flat connection on pi : X → Z. Note that in this case X is a G2-manifold
with the product G2-structure whose 4-form is ψ = ψ1 in (3.8).
Denote by H+ = 〈ω1, ω2, ω3〉 the space of self-dual harmonic 2-forms and by H− that of
anti-self-dual ones. Then H2(X,R) ∼= H+ ⊕H− and suppose that H− ∩H2(X,Z) 6= 0. Then,
for any complex line bundle so that c1(L) ∈ H− ∩H2(X,Z), Lemma 3.12 applies and we
obtain a connection A which is both a G2-instanton and a deformed G2-instanton for ψ on
the G2-manifold X = T
3 × Z.
Remark 3.14. Similar constructions of G2-instantons to Example 3.13, also performed in
the higher rank case, can be found in [CGFT20].
4. Examples
We now turn to the main goal of this article, which is to construct the first non-trivial ex-
amples of deformed G2-instantons. At the end of the section, we shall also discuss implications
of this construction for the deformation theory of deformed G2-instantons.
In this section, unless we state otherwise, we let X7 be a 3-Sasakian 7-manifold as in
Definition 2.1, and we shall use the notation introduced in section 2. In particular we let Z4
be the leaf space of the SU(2) action on X given in (2.1). We also let L0 denote the trivial
complex line bundle over X.
4.1. G2-instantons. We consider connections A on the trivial complex line bundle L0 over
X, given by
(4.1) A = i(a1η1 + a2η2 + a3η3),
for a1, a2, a3 ∈ R, where the ηi are given in (2.2). (Here, we identify the Lie algebra u(1) with
iR.) The curvature of A is given by
(4.2) FA = −2ia1 (ω1 + η23)− 2ia2 (ω2 + η31)− 2ia3 (ω3 + η12) ,
where the ωi are given in (2.3), and we recall that ηij = ηi ∧ ηj . Using (2.4), (2.9) and (4.2),
we compute
FA ∧ ψt,ε = −2i
(
(1− 2εt2) (a1η23 + a2η31) + (1− 2t2)a3η12
) ∧ pi∗volZ .(4.3)
From (1.2) and (4.3) we are led to the following conclusion.
Proposition 4.1. Suppose that A in (4.1) is a G2-instanton with respect to ψt,ε in (2.9).
Then
• a1 = a2 = a3 = 0, in which case A is the trivial flat connection, or
• t = 1/√2, ε = −1, a1 = a2 = 0 and a3 6= 0, so A = ia3η3 is a G2-instanton with
respect to ψ1/
√
2,−1, or
• t = 1/√2 and ε = +1, in which case all A in (4.1) are G2-instantons with respect to
ψ1/
√
2,+1.
Remark 4.2. The G2-structures given by (t, ε) = (1/
√
2,+1) are special, as they support
a real 3-parameter family of G2-instantons on the trivial complex line bundle L0 on X by
Proposition 4.1. This extends observations made in Proposition 17 of [BO19]. Moreover, the
G2-structures given by (t, ε) = (1/
√
2,−1) admit a real 1-parameter family of G2-instantons
on L0 on X.
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Remark 4.3. There are examples of G2-instantons on higher rank bundles on X, such as
Example 2 in [CO20], which describes an irreducible G2-instanton with gauge group SO(3) in
this setting.
4.2. Deformed G2-instantons. We now analyze solutions to the deformed G2-instanton
(or, equivalently, deformed Donaldson–Thomas connection) equation with respect to ψt,ε:
(4.4)
1
6
F 3A + FA ∧ ψt,ε = 0,
for A a connection on the trivial complex line bundle L0 on X. For A as in (4.1) we compute
(4.5)
1
6
F 3A = 8i
(
a21 + a
2
2 + a
2
3
)
(a1η23 + a2η31 + a3η12) ∧ pi∗volZ ,
Using (4.3) and (4.5), we see that A solves (4.4) if and only if
(4.6)
(
4(a21 + a
2
2 + a
2
3)− (1− 2εt2)
)
(a1η23 + a2η31) +
(
4(a21 + a
2
2 + a
2
3)− (1− 2t2)
)
a3η12 = 0.
We see that (4.6) always has the solution a1 = a2 = a3 = 0, which corresponds to the flat
connection. Otherwise, if ε = +1 then we must have
(4.7) a21 + a
2
2 + a
2
3 =
1
4
(
1− 2t2) .
We immediately see that (4.7) can be solved for a non-flat connection A if and only if 2t2 < 1,
in which case there is a whole 2-sphere of solutions. If, instead, ε = −1 then if a21 + a22 6= 0 we
must have
(4.8) a21 + a
2
2 =
1
4
(1 + 2t2) and a3 = 0,
and if a3 6= 0 we must have
(4.9) a21 + a
2
2 = 0 and a
2
3 =
1
4
(1− 2t2).
Clearly, (4.8) gives a circle of solutions for any t > 0, whereas (4.9) gives non-trivial solutions
if and only if 2t2 < 1, in which case there are two solutions.
We state these findings as follows.
Proposition 4.4. Let a1, a2, a3 ∈ R and let A = iajηj as in (4.1) be a connection on the
trivial complex line bundle L0 on X. Then A is a deformed G2-instanton with respect to ψt,ε
in (2.9) if and only if either a1 = a2 = a3 = 0, so A is the trivial flat connection, or one of
the following holds:
• t ∈ (0, 1/√2), ε = +1 and a1, a2, a3 satisfy (4.7) (so there is a 2-sphere of solutions);
• t ∈ (0, 1/√2), ε = −1 and a1, a2, a3 satisfy (4.8) or (4.9) (so the solutions consist of
a circle and two points);
• t ≥ 1/√2, ε = −1, and a1, a2, a3 satisfy (4.8) (so there is a circle of solutions).
By (2.10), Proposition 4.4 immediately gives the following two results.
Corollary 4.5. Recall the two nearly parallel G2-structures ϕ
np and ϕts on X given in (2.10).
• There is a 2-sphere of non-trivial deformed G2-instantons on L0 over X with respect
to ϕnp arising from (4.1).
• There is a circle of non-trivial deformed G2-instantons on L0 over X with respect to
ϕts arising from (4.1).
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Remark 4.6. Corollary 4.5 demonstrates how Proposition 4.4 can be used to show that
deformed G2-instantons can discriminate between G2-structures on X; in particular, between
the two natural nearly parallel G2-structures on X. We also see that the family of deformed
G2-structures for these two nearly parallel G2-structures has different dimensions, and there
is no obvious relation between them.
Corollary 4.7. Recall the two Einstein metrics gts and gnp on X given in (2.5) and (2.6),
and recall that ϕ1,ε induces g
ts and ϕ1/
√
5,ε induces g
np for ε ∈ {±1}.
• Using the ansatz (4.1), there is a circle of non-trivial deformed G2-instantons with
respect to ϕ1,−1, whereas there are no non-trivial deformed G2-instantons with respect
to ϕ1,+1.
• Using the ansatz (4.1), there is a circle plus two isolated examples of non-trivial
deformed G2-instantons with respect to ϕ1/
√
5,−1, whereas there is a 2-sphere of non-
trivial deformed G2-instantons with respect to ϕ1/
√
5,+1.
Remark 4.8. Corollary 4.7 indicates how Proposition 4.4 shows that deformed G2-instantons
can be used to distinguish between isometric G2-structures on X; in particular, between
the two natural Einstein metrics on X. However, we observe that for these two Einstein
metrics, whilst the spaces of deformed G2-instantons are very different for the two isometric
G2-structures, their Euler characteristics are the same. This is pertinent since one might hope
to use the Euler characteristic of the moduli space as a possible enumerative invariant for
deformed G2-instantons.
We give a concrete example of the construction.
Example 4.9. Take the 7-sphere S7 as in Example 2.4 and let L0 be the trivial complex line
bundle over S7. Corollary 4.5 gives a 2-sphere of deformed G2-instantons on L0 over (S
7, ϕnp),
and a circle of deformed G2-instanton on L0 over (S
7, ϕts). On the other hand, Corollary 4.7
shows that we have a family of deformed G2-instantons on L0 consisting of a circle plus two
further points for another G2-structure inducing the squashed metric g
np, and we have no
known non-trivial deformed G2-instantons on L0 for another G2-structure inducing the round
metric gts.
In this way, deformed G2-instantons on the trivial complex line bundle can be used to
distinguish between the two homogeneous nearly parallel G2-structures on S
7, and between
isometric G2-structures for the two homogeneous Einstein metrics on S
7.
4.3. Non-trivial line bundles. One may ask whether there are non-trivial examples of
deformed G2-instantons on non-trivial line bundles. The natural approach is to use a non-
trivial bundle L over Z equipped with an anti-self-dual connection A0, using the ideas in
subsection 3.2. We shall give a particular example, which may clearly be generalized to
other 3-Sasakian 7-manifolds, of a existence result for non-trivial deformed G2-instantons on
non-trivial line bundles.
Consider the setting of Example 3.8, where X is the Aloff–Wallach space SU(3)/U(1)1,1,
where U(1)1,1 is given in (3.6), and recall that Z = CP2. Let L = OCP2(k) for some k ∈ Z,
and let A0 be the connection on L with harmonic curvature (which must be an ASD instanton
as observed in Example 3.8).
Recalling the ηi in (2.2), we may consider a connection A on pi
∗L over X given by
(4.10) A = pi∗A0 + ia, for a = ajηj ,
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where a1, a2, a3 ∈ R. The curvature of A is FA = FA0 + ida and as A0 is anti-self-dual we
have pi∗FA0 ∧ ψt,ε = 0 by Lemma 3.6. Hence,
(4.11) FA ∧ ψt,ε = ida ∧ ψt,ε = −2i
(
(1− 2εt2)(a1η23 + a2η31) + (1− 2t2)a3η12
) ∧ pi∗volZ .
by (4.3). As for the cubic term in the curvature we find that
(4.12) F 3A = 3ipi
∗F 2A0 ∧ da− 3pi∗FA0 ∧ (da)2 − i(da)3
as F 3A0 = 0 for dimensional reasons. By inspection, we see that (da)
2 = βi ∧ ωi for some
2-forms βi. As the ωi are self-dual and FA0 is anti-self-dual we find that FA0 ∧ (da)2 = 0.
Hence, (4.12) becomes
(4.13) F 3A = −i(da)3 + 3ipi∗F 2A0 ∧ da.
The first term in (4.13) is given by the right-hand side of (4.5) (multiplied by 6). As for the
second term, we find that F 2A0 = |FA0 |2volZ , with | · | denoting the norm with respect to gZ ,
since FA0 is anti-self-dual (recalling that FA0 is imaginary-valued). Thus, using (4.2), we see
that
(4.14) 3ipi∗F 2A0 ∧ da = −6ipi∗|FA0 |2 (a1η23 + a2η31 + a3η12) ∧ pi∗volZ .
Inserting (4.5) and (4.14) in (4.13) shows that the deformed G2-instanton equation (4.4) for
ψt,ε is equivalent to
(4.15)
(
8(a21 + a
2
2 + a
2
3)− pi∗|FA0 |2 − 2(1− 2εt2)
)
(a1η23 + a2η31)
+
(
8(a21 + a
2
2 + a
2
3)− pi∗|FA0 |2 − 2(1− 2t2)
)
a3η12 = 0.
At this point, we use the fact that FA0 = ikω, where ω is the Fubini–Study form on CP2, and
thus |FA0 |2 = 2k2. (Note that we need |FA0 |2 to be constant in order for (4.15) to have a
solution for constant a1, a2, a3 which are not all zero.) Inserting this into (4.15) for ε = +1
gives that non-trivial solutions must satisfy
(4.16) a21 + a
2
2 + a
2
3 =
1
4
(1− 2t2 + k2).
We see that (4.16) has non-trivial solutions for a1, a2, a3 if and only if 2t
2 < 1 + k2. We
therefore obtain deformed G2-instantons with respect to ψt,+1 on pi
∗O(k) for k 6= 0 arising
from the ansatz (4.10) which are not given by the pullback of the ASD instanton on O(k)
(which is a deformed G2-instanton by Lemma 3.6) for these values of t.
If we instead look at (4.15) for ε = −1 then for non-trivial solutions we either have
a21 + a
2
2 =
1
4
(1 + 2t2 + k2) and a3 = 0, or(4.17)
a21 + a
2
2 = 0 and a
2
3 =
1
4
(1− 2t2 + k2).(4.18)
We see that (4.17) admits non-trivial solutions for all t, whereas (4.18) admits non-trivial
solutions if and only if 2t2 < 1 + k2, just as for (4.16).
Overall, we have the following proposition, which generalizes Proposition 4.4 for the case of
the Aloff–Wallach space SU(3)/U(1)1,1.
Proposition 4.10. Let X be the Aloff–Wallach space SU(3)/U(1)1,1 as in Example 3.8, with
projection pi : X → Z = CP2. Let L = O(k) on Z for k ∈ Z, let A0 be the unitary ASD
instanton on L and let A be a connection on pi∗L as in (4.10) which is a deformed G2-instanton
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with respect to ψt,ε given in (2.9). Then either a1 = a2 = a3 = 0, and so A = pi
∗A0 (and thus
is a G2-instanton), or one of the following holds:
• t ∈ (0,√(1 + k2)/2), ε = +1 and a1, a2, a3 satisfy (4.16);
• t ∈ (0,√(1 + k2)/2), ε = −1 and a1, a2, a3 satisfy (4.17) or (4.18);
• t ≥√(1 + k2)/2, ε = −1 and a1, a2, a3 satisfy (4.17).
Remark 4.11. We see that (4.18) has non-trivial solutions for t = 1 if and only if |k| > 2.
In particular, Proposition 4.10 gives non-trivial deformed G2-instantons on pi
∗O(k) over
X with respect to the G2-structure ϕ1,+1, which induces the 3-Sasakian metric g
ts, if and
only if |k| > 2. Moreover, when |k| > 2, Proposition 4.10 gives a 2-sphere of non-trivial
deformed G2-instantons on pi
∗O(k) with respect to ϕ1,+1, whereas it gives a family of deformed
G2-instantons consisting of a circle and two points with respect to ϕ
ts.
Proposition 4.10 has the following immediate corollary.
Corollary 4.12. Let X be the Aloff–Wallach space SU(3)/U(1)1,1 as in Example 3.8, with
projection pi : X → CP2, and recall the nearly parallel G2-structures ϕnp and ϕts on X given
in (2.10).
• For every k ∈ Z, there is a 2-sphere of non-trivial deformed G2-instantons on pi∗O(k)
with respect to ϕnp.
• If k ∈ {0,±1}, there is a circle of non-trivial deformed G2-instantons on pi∗O(k) with
respect to ϕts, and if k ∈ Z \ {0,±1} there is a circle and two further examples of
non-trivial deformed G2-instantons on pi
∗O(k) with respect to ϕts.
Remark 4.13. Proposition 4.10 continues to demonstrate how deformed G2-instantons can
distinguish between nearly parallel G2-structures and isometric G2-structures. Moreover, the
observed equality between the Euler characteristics of the families of deformed G2-structures
for isometric G2 structures continues to hold in this setting.
4.4. Moduli spaces. We now make some observations on the families of deformed G2-
instantons we have constructed, and their relation to the deformation theory of deformed
G2-instantons developed in [KY20]. To state the deformation theory result we recall the
following definition.
Definition 4.14. For a 7-manifold X with a coclosed G2-structure ϕ and a Hermitian complex
line bundle L on X, we let M(X,ϕ, L) denote the moduli space of deformed G2-instantons on
L with respect to ϕ. Let A ∈M(X,ϕ,L) and consider the complex
(4.19) 0 −→ Ω0(X) d−→ Ω1(X) (
1
2
F 2A+∗ϕ)∧d−→ dΩ5(X) −→ 0.
Then A is unobstructed if H2 = 0 for (4.19), i.e. if the linearisation of the deformed G2-
instanton condition (12F
2
A + ∗ϕ) ∧ d : Ω1(X)→ dΩ5(X) is surjective; otherwise A is obstructed.
We now state a deformation theory result that follows from [KY20], which motivates the
definition of unobstructed in Definition 4.14.
Theorem 4.15. Let (X7, ϕ) be a compact 7-manifold with a coclosed G2-structure, and let L
be a Hermitian complex line bundle on X. Then M(X,ϕ,L) has expected dimension b1(X).
Therefore, if A ∈M(X,ϕ,L) is unobstructed, then M(X,ϕ,L) is a smooth manifold near A
of dimension b1(X).
Moreover, if A ∈M(X,ϕ,L) and
• dϕ = 0, or
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• F 3A 6= 0 everywhere,
then for generic coclosed G2-structures ϕ
′ sufficiently near ϕ so that [∗ϕ′ϕ′] = [∗ϕϕ] ∈ H4(X),
the subset of M(X,ϕ′, L) of connections sufficiently near A is a smooth manifold of dimension
b1(X) (if it is non-empty).
Theorem 4.15 has the following consequence.
Corollary 4.16. Let (X7, ϕ) be a compact 7-manifold with a coclosed G2-structure, and
suppose that X7 admits a nearly parallel G2-structure. Let L be a Hermitian complex line
bundle on X. Then the expected dimension ofM(X,ϕ, L) is 0. In particular, if A ∈ M(X,ϕ, L)
is unobstructed then A is rigid and locally isolated in M(X,ϕ,L).
Moreover, given A ∈ M(X,ϕ,L) such that F 3A 6= 0 everywhere, for generic coclosed G2-
structures ϕ′ near ϕ with [∗ϕ′ϕ′] = [∗ϕϕ], the subset of M(X,ϕ′, L) of connections sufficiently
near A is a discrete collection of points (if it is non-empty).
Proof. The result follows from Theorem 4.15 and the fact that X7 must have finite fundamental
group by Myers theorem, since the induced metric from a nearly parallel G2-structure is
Einstein with positive scalar curvature. 
Since the non-trivial deformed G2-instantons given by Corollary 4.5 are not rigid for the
nearly parallel G2-structures ϕ
np and ϕts on the 3-Sasakian X7, Corollary 4.16 yields the
following result.
Proposition 4.17. All of the non-trivial deformed G2-instantons from Propositions 4.4 and
4.10 that exist in positive-dimensional families are obstructed.
In particular, the non-trivial deformed G2-instantons on (X
7, ϕts) and (X7, ϕnp) on the
trivial line bundle L0 from Proposition 4.4 are obstructed.
Remark 4.18. We see from (4.5) and Propositions 4.4 and 4.10 that all of the non-trivial
deformed G2-instantons A with respect to ϕt,ε we have constructed have the property that
F 3A 6= 0 everywhere, and thus Corollary 4.16 applies. Moreover, when ε = +1 we see that
[ψt,+1] = [ψt′,+1] for all t, t
′. However,M(X,ϕt′,+1, L0) still contains an S2 family of deformed
G2-instantons near A for all t
′ near t. We conclude that the family ϕt,+1 is not sufficiently
generic to enable us to peturb A to become locally isolated.
We now make an elementary observation, which follows from Remark 5.12 in [KY20].
Lemma 4.19. Let (X7, ϕ) be a compact 7-manifold with a nearly parallel G2-structure, and
let L0 be the trivial complex line bundle on X. Then the trivial flat connection is unobstructed
as a deformed G2-instanton, thus rigid and locally isolated in M(X,ϕ,L0).
Lemma 4.19 yields the following interesting result.
Proposition 4.20. For any 3-Sasakian 7-manifold X, the moduli spaces M(X,ϕnp, L0) and
M(X,ϕts, L0) have at least two components of different dimensions.
Proof. Since the trivial flat connection A0 lies in M(X,ϕnp, L0) and M(X,ϕts, L0) and is
locally isolated, it must define a component of the moduli space in each case. Therefore, in each
case the positive-dimensional family of non-trivial deformed G2-instantons from Proposition
4.4 must lie in a different component of the moduli space to the trivial flat connection. 
5. A Chern–Simons type functional
In this section, we study a functional of Chern–Simons type, introduced in [KL09], which
has deformed G2-instantons as critical points, in the setting of our examples.
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5.1. The functional. Let X7 be a compact 7-manifold with a coclosed G2-structure ϕ.
(The assumption of compactness is to ensure that integrals of various quantities over X are
guaranteed to be well-defined.) Let L be a Hermitian complex line bundle over X and fix
a unitary connection A0 on L. We let t denote a coordinate on [0, 1] and we shall pullback
various quantities from X to X × [0, 1] such as ψ = ∗ϕϕ and L; for ease of notation, we shall
omit the pullback symbol.
Then, for any other unitary connection A on L we consider a unitary connection A on the
pullback of L to [0, 1]×X, given by
(5.1) A = A0 + t(A−A0).
We let At = A|{t}×X and let Ft be the curvature of At, which is
(5.2) Ft = FA0 + t(FA − FA0).
Hence, the curvature of A in (5.1) can be written
(5.3) F = dt ∧ (A−A0) + Ft.
With this notation, we can make the following definition.
Definition 5.1. Let (X7, ϕ) be a compact 7-manifold with a coclosed G2-structure and let L
be a Hermitian complex line bundle on X. Given a unitary connection A0 on L we define the
functional F on unitary connections A on L over X by the formula:
(5.4) F(A) =
∫
X×[0,1]
eF+ψ,
where ψ = ∗ϕϕ and F is given in (5.3). It is shown in [KL09] that the deformed G2-instanton
equation (1.1) arises as the critical point equation for the functional F .
Since X is 7-dimensional, it is convenient to expand and rewrite F in (5.4) as follows:
(5.5) F(A) =
∫
X×[0,1]
1
3!
(F + ψ)3 +
1
4!
(F + ψ)4 =
1
2
∫
X×[0,1]
F2 ∧ ψ + 1
12
F4.
On the other hand, we have Fk = F kA0 + d (csk(A0,A)) on [0, 1] ×X, where F is given in
(5.3) and csk(A0,A) is the kth transgression form. This can be explicitly written using the
curvature Fs of the connections As = A0 + s(A−A0) for s a real valued parameter. Indeed,
we have
(5.6) csk(A0,A) = k
∫ 1
0
(A−A0) ∧ Fk−1s ds.
Thus, from Stokes’ theorem and the fact that F 2A0 ∧ ψ = 0 = F 4A0 by dimensional reasons, we
may write (5.5) as:
(5.7) F(A) = 1
2
∫
X
cs2(A0, A) ∧ ψ + 1
12
cs4(A0, A).
In particular, we have the following observation.
Lemma 5.2. In the notation of Definition 5.1, let L = L0 be the trivial complex line bundle
and let A0 be the trivial flat connection. Then the functional F in (5.4) is given by
(5.8) F(A) = 1
2
∫
X
(A−A0) ∧
(
FA ∧ ψ + 1
12
F 3A
)
.
Proof. The result follows from (5.7) and the observation that csk(A0, A) = (A−A0) ∧ F k−1A
by (5.6) as FA0 = 0. 
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5.2. Examples. For connections as in (4.1) on 3-Sasakian 7-manifolds we find, after a lengthy
but straightforward computation, the following using (5.8).
Proposition 5.3. Let X7 be a 3-Sasakian 7-manifold with the coclosed G2-structure ϕt,ε on
(2.7), and recall the 3-Sasakian metric gts in (2.5). For connections A = iajηj as in (4.1) on
the trivial complex line bundle L0 on X, we have that the functional F in (5.4) is given by
(5.9) F(A) = −c [(x2 + y2)(2(x2 + y2)− 1) + 2t2(x2 + εy2)] ,
where x = a3, y
2 = a21 + a
2
2 and
(5.10) c = 2
∫
X
η123 ∧ pi∗volZ = 2Vol(X, gts) > 0.
Remark 5.4. Notice that F in (5.9) is bounded above and that, as can be seen from (5.10),
the 3-Sasakian metric gts may be rescaled so that c = 1, which we will now do for convenience.
Remark 5.5. The critical points of the functional F in (5.9), restricted to connections given
by the ansatz (4.1), are given by the vanishing of
∂F
∂x
= −2x (4(x2 + y2) + 2t2 − 1) ,(5.11)
∂F
∂y
= −2y (4(x2 + y2) + 2εt2 − 1) .(5.12)
We see that we have solutions to (5.11)–(5.12) given by x = 0 = y, corresponding to the flat
connection, and
(5.13) x2 + y2 =
1
4
(1− 2t2) when ε = 1 and 2t2 < 1,
or ε = −1 and either
(5.14) x = 0 and y2 =
1
4
(1 + 2t2), or y = 0 and x2 =
1
4
(1− 2t2) when 2t2 < 1.
Equations (5.13)–(5.14) coincide with the conditions (4.16)–(4.18) we derived earlier that gave
our non-trivial deformed G2-instantons in Proposition 4.4.
Using Proposition 5.3 we can examine the relationship between the trivial flat connection
and the functional F . In particular, we see that the nature of the trivial connection as a
critical point for F depends on the choice of G2-structure.
Lemma 5.6. Recall the notation of Proposition 5.3, in particular the functional F in (5.9).
Let A0 be the trivial flat connection on the trivial complex line bundle L0 over X. Then the
Hessian of F is nondegenerate at A0 if and only if t 6= 1/
√
2. Moreover:
• if t ∈ (0, 1/√2) then A0 is a local minimum of F ;
• if t ≥ 1/√2 and ε = +1 then A0 is a local maximum of F ;
• if t ≥ 1/√2 and ε = −1 then A0 is a saddle point of F .
Proof. By direct computation, one can calculate the Hessian of the functional F in (5.9). At
the flat connection A0, when (x, y) = (0, 0), the Hessian of F has eigenvalues
(5.15) 2(1− 2t2) and 2(1− 2εt2).
We see immediately that the Hessian of F is degenerate if and only if 2t2 = 1 as claimed.
Moreover, as long as 2t2 6= 1, the critical point is characterised by the signs of the eigenvalues
in (5.15). When 2t2 = 1 we see that
(5.16) F(A) = −2(x2 + y2)2 + (1− ε)y2.
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When ε = +1, F ≤ 0 and equals 0 if and only if x = y = 0. When ε = −1, we instead see
that inserting x = 0 in (5.16) gives a function of y with a local minimum at y = 0, and for
y = 0 in (5.16) we obtain a local maximum at x = 0. The result then follows. 
We already observed the significance of the value t = 1/
√
2 in Proposition 4.4. Lemma 5.6
now leads to the following additional observation concerning this value of t.
Corollary 5.7. The trivial flat connection on the trivial complex line bundle over X is
obstructed as a deformed G2-instanton for the G2-structures ϕ1/
√
2,ε in (2.7) for ε = ±1.
Proof. When t = 1/
√
2, Lemma 5.6 shows that the Hessian of F in (5.9) is degenerate at the
trivial flat connection A0. Thus, there exist non-trivial infinitesimal deformations of A0 as a
deformed G2-instanton within the ansatz (4.1), i.e. H
1 of the complex (4.19) is non-zero.
However, we know from Proposition 4.4 that A0 is locally isolated as a deformed G2-
instanton for t = 1/
√
2 amongst those given by (4.1), and so the non-trivial infinitesimal
deformation must be obstructed, i.e. H2 of the complex (4.19) must also be non-zero. 
Remark 5.8. The fact that the flat connection is obstructed at t = 1/
√
2 was to be expected,
as it is at this point that the transition occurs when the 2-sphere or two points consisting of
non-flat deformed G2-instantons “shrinks” and merges with the flat connection (see Figure
1). Nevertheless, this observation contrasts with the case of nearly parallel G2-structures for
which the flat connection is always unobstructed (see Lemma 4.19).
To conclude, we compare the functional F in (5.9) for the pairs of isometric G2-structures
ϕ1/
√
5,ε and ϕ1,ε, for ε ∈ {±1}, which induce the Einstein metrics gnp and gts respectively.
Example 5.9. The coclosed G2-structures ϕ1/
√
5,+1 = ϕ
np and ϕ1/
√
5,−1 both induce the
strictly nearly parallel metric gnp on the 3-Sasakian 7-manifold X, which has the property
that the metric cone on (X, gnp) has holonomy Spin(7). These G2-structures determine rather
different functionals F by Proposition 4.4. Figure 2 plots the functional F , restricted to
connections given by the ansatz (4.1), as in (5.9) for these two G2-structures.
Figure 2. The functional F for (t, ε) = (1/√5,+1) and (t, ε) = (1/√5,−1).
One can just discern the local minimum at the origin in the left-hand plot in Figure 2,
predicted by Lemma 5.6. We also illustrate the difference between these cases via their levels
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sets in Figure 3. One can see the circle of critical points (which are local maxima) for ε = +1
which gives the 2-sphere of non-trivial deformed G2-instantons in Proposition 4.4, in contrast
to the two pairs of critical points for ε = −1 which give the circle (given by local maxima)
and two further examples (which are saddle points) of non-trivial deformed G2-instantons in
Proposition 4.4.
Figure 3. Level sets of F for (t, ε) = (1/√5,+1) and (t, ε) = (1/√5,−1).
Example 5.10. We now focus on the coclosed G2-structures ϕ1,ε, for ε = ±1, recalling that
ϕts = ϕ1,−1. These G2-structures induce the 3-Sasakian metric gts on X, which is that whose
metric cone is hyperka¨hler. In this case, we again already know the functionals F for these
two G2-structures are very different by Proposition 4.4, and further evidence is provided by
the following plots of the functional F in (5.9) in Figure 4.
Figure 4. The functional F for (t, ε) = (1,+1) and (t, ε) = (1,−1).
As for the level sets of the functional F , these are plotted in Figure 5 for each case. For
ε = +1 we see that the only critical point is the origin, giving the trivial flat connection, and
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instead we have a pair of critical points (which are local maxima) for ε = −1 which define a
circle of deformed G2-instantons from Proposition 4.4.
Figure 5. Level sets of F for (t, ε) = (1,+1) and (t, ε) = (1,−1).
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